Engineering multiphoton states is an outstanding challenge with applications in multiple fields such as quantum metrology, quantum lithography, or even biological sensing. State-of-the-art methods to obtain them rely on post-selection, multi-level systems, or Rydberg atomic ensembles. Recently, it was shown that a strongly driven two-level system interacting with a detuned cavity mode can be engineered to continuously emit n-photon states. In the present work, we show that spectral filtering of its emission relaxes considerably the requirements on the system parameters even to the more accessible bad-cavity situation, opening up the possibility of implementing this protocol in a much wider landscape of different platforms. This improvement is based on a key observation: in the imperfect case where only a certain fraction of emission is composed of n-photon states, these have a well-defined energy separated from the rest of the signal, which allows one to reveal and purify multiphoton emission just by frequency filtering. We demonstrate these results by obtaining analytical expressions for the relevant figures of merit of multiphoton emission, such as the n-photon coupling rate between cavity and emitter, the fraction of light emitted as n-photon states, and n-photon emission rates. This allows us to make a systematic study of such figures of merit as a function of the system parameters and demonstrate the viability of the protocol in several relevant types of cavity quantum electrodynamics setups, where we take into account the impact of their respective experimental limitations.
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INTRODUCTION
Non-classical states of light are a fundamental ingredient in the development of photonic quantum technologies such as quantum communication [1] , quantum metrology [2] , lithography [3] , spectroscopy [4, 5] , or biological sensing [6, 7] . The generation of single photons is experimentally accessible by several methods, such as exploiting the single-photon nonlinearity of natural and artificial atoms [8] [9] [10] [11] [12] [13] [14] or using correlated photon pairs in nonlinear crystals [15] or biexciton states [16] [17] [18] . However, obtaining multiphoton states is a much more challenging task, as the n-photon interactions are generally very weak. Current methods to generate multiphoton states in the optical regime are mostly probabilistic and rely on using single photons, linear optics, and post-selection to build up higher photon numbers. Unfortunately, they suffer from an exponential scaling of success with increasing photon number [19] . Thus, it is still of fundamental and practical interest to search for novel mechanisms to engineer light at the n-photon level.
With this motivation, several methods have been proposed to generate n-photon states in very different scenarios, such as Rydberg atomic ensembles [20] [21] [22] , atoms coupled to waveguide systems [23] [24] [25] , or using multilevel atoms [26] [27] [28] [29] [30] or cavity quantum electrodynamics (QED) setups [31, 32] . Particularly appealing, due to its simplicity, is the proposal in Ref. [32] , which requires a single coherently driven two-level system (2LS), with driving amplitude Ω, coupled to a single cavity mode with strength g. In the limit, i.e., Ω ≫ g, it was shown that by appropriately placing the cavity resonance, the system can be brought to emit n-photon states (termed as n-photon bundles). However, the broadening introduced by the cavity and 2LS losses, denoted as γ a∕σ , respectively, also leads to the emission of photons that are not released in the form of n-photon bundles, and therefore contaminate the n-photon character of the output field. In order to obtain emission with a large fraction of n-photon states, which defines the purity of n-photon emission [32] , the coupling rate between the cavity and 2LS was taken in the strong coupling regime with g > γ a;σ .
Here, we revisit this proposal to obtain analytical expressions for the figures of merit of the mechanism, such as the n-photon couplings, efficiency rates, and the purity of n-photon emission. Moreover, we identify the spectral distribution of both the spurious and the n-photon component of the cavity emission. In particular, we show that they are emitted in different frequency windows, such that the contaminating photons can be mostly suppressed with appropriate frequency filtering. This simple insight leads to better figures of merit for the n-photon emission and lifts the strong coupling requirements to observe such effects. In the particular case of two-photon emission, we show how high purities can be obtained as long as the rate of emission into the cavity with respect to free space, i.e., the cooperativity C 4 g 2 ∕γ a γ σ , is large (the so-called bad-cavity limit). This opens up the possibility of implementing this proposal in a wide variety of platforms, such as semiconductor quantum dots (QDs) [33] [34] [35] [36] or atom-nanophotonics [37, 38] , where the bad-cavity limit has been observed, but the strong coupling condition is hard to obtain. Another consequence of the spectral isolation of n-photon bundles is that they manifest as a clear feature in the spectrum, offering the simplest smoking gun to experimentally evidence n-photon emission (see Fig. 1 ).
The outline of the paper reads as follows: in Section 2 we review the setup and the mechanism proposed in Ref. [32] and derive analytical expressions for the figures of merit of n-photon emission, allowing us to show clearly how these depend on the system parameters. Then, in Section 3, we show the spectral distribution of the cavity emission in the n-photon resonance configuration and characterize the improvement in the figures of merit when filtering out the uncorrelated photons. In Section 4, we analyze several experimental limitations of the platforms where our proposal can be implemented, such as semiconductor or atomic cavity QED, and study their impact on the figures of merit for n-photon emission. Finally, we summarize our findings and point to future directions of work in Section 5.
SYSTEM AND GENERAL MECHANISM
The proposal in Ref. [32] is based on two cornerstones of quantum optics, namely, resonance fluorescence [39] and cavity QED [40, 41] . In particular, it requires a single 2LS interacting both with a classical field, with amplitude Ω, and a quantum one, most simply implemented by a single-mode cavity coupled to the 2LS with strength g [see Fig. 1(a) ]. For simplicity, we assume that the laser frequency, ω L , is resonant with the transition frequency of the 2LS, ω σ , as it makes the analysis simpler, at the expense of only weakly worsening the efficiency. Besides, the system is operated in the dispersive regime, where the 2LS and cavity are detuned. In this configuration, strong correlations can be (a) Scheme of the proposed setup: a two-level system is coupled to a cavity and strongly driven by a classical field. By selecting the proper cavity frequency, the system emits a continuous stream of photon pairs. (b) Evidence of two-photon emission in the cavity emission spectrum, plotted as a function of the driving field amplitude. The driving laser is in resonance with the 2LS, and the cavity is detuned by Δ a 5g. Mollow sidebands appear in the spectrum at ω ω L 2Ω. When the cavity frequency lies between a sideband and the central peak, Δ a Ω, two-photon emission is seen as a clear feature in the spectrum. At higher pumping one can also observe a small feature related to the three-photon resonance when Ω is such that Δ a Δ Research Article sustained between them even if their coupling is closer to a weakcoupling scenario with a small admixture of the bare states [42] . In these conditions, the total Hamiltonian of the combined system reads (using ℏ 1)
which we have written in a frame rotating with the laser/2LS frequency to make it time independent, such that Δ a ω a − ω σ is the cavity-2LS detuning. The operators a † ∕a (σ † ∕σ) represent the creation/annihilation operators of the cavity (2LS) system. To take into account the cavity and 2LS losses, the Hamiltonian picture must be upgraded to a master equation description that takes into account the coupling to external baths. This results in an effective master equation that can be written
where
Lindblad term describing the leakage of photons from both the cavity and the bare 2LS. When g 0, we recover the standard resonance fluorescence situation. This configuration has been traditionally exploited in the weak driving limit, Ω ≪ γ σ , to generate individual single photons [10] [11] [12] [13] emitted within a small spectral window around the 2LS frequency. In the strong driving limit, Ω ≫ γ σ , the classical field dresses the 2LS levels, leading to two new eigenstates of the system, ji 1 ffiffi 2 p jgi jei, with eigenenergies E ω σ Ω. These dressed states deform the incoherent spectrum of 2LS from a single peak to the well-known Mollow triplet [39] . This spectral shape can be easily understood from single photon transitions in the dressed state picture [43] [see Fig. 1(d) ], corresponding to ji → ji and ji → ji, which explains why three peaks appear at frequencies ω σ 2Ω. Something that generally goes unnoticed is that, in the strong driving limit, the 2LS also provides nonlinearities at the multiphoton level. These nonlinearities can be understood as n-photon transitions in the ladder of dressed states, going from a state ji to a state ji, n rungs below. As illustrated for the case n 2 in Fig. 1(d) , these processes are out of resonance from the first-order transitions associated to the Mollow triplet, and, for the case of photons of equal energy, it is easy to see that their energy is 2Ω∕n. These multiphoton transitions are typically hidden by the singlephoton processes, as they are of smaller order. However, they can be made visible, e.g., by using frequency-resolved correlations [44, 45] , as recently observed in experiments [46, 47] . Remarkably, these correlations in frequency space are strong enough to violate classical inequalities [46, 48] .
Unfortunately, the emission of these strongly correlated photons is scarce and, therefore, difficult to exploit. An alternative and powerful way of capitalizing on these photons consists of coupling the strongly driven 2LS to a cavity (making g ≠ 0 in our model) and setting the cavity energy exactly at these multiphoton resonances, Δ n a 2Ω∕n. Using that simple prescription, it was shown by using a quantum jump simulation [32] that one is able to Purcell-enhance the n-th photon process with respect to the single-photon ones, leading to (almost) perfect emission in groups or bundles of photons. Figure 1 illustrates this effect for the case of n 2 photons. In particular, in panel (b) we show the evolution of the incoherent part of the cavity spectrum, Sω ∝ lim t→∞ R dτha † ta t τie iωt , with increasing driving Ω for a fixed cavity-2LS detuning of Δ a 5g, also with γ a 1.3g and γ σ 0.01, such that C ∼ 300. These parameters are similar to those reported in experimental works that have already performed measurements similar to what we show in Fig. 1(b) [49, 50] . The main difference between those measurements and what we show here lies in the range of Ω considered, which in such experiments was not taken to the values where the new effects that we report clearly manifest themselves. We can distinguish three different regimes:
• When the driving is small, we only observe a single peak at the 2LS frequency. The main effect of the cavity here is to renormalize the broadening of such a peak to ∼γ σ
, that is, the sum of the individual 2LS decay plus the broadening provided by the cavity emission.
• As the driving increases, the cavity spectrum Sω starts to display a triplet structure that is distorted by the finite detuning, Δ a , as it breaks the symmetry between the upper/lower sidebands from the bare Mollow triplet. Interestingly, when Ω is such that Δ a is resonant with the upper sideband, i.e., Δ 1 a 2Ω 5g, one observes a strong suppression of the central peak and a very strong asymmetry between the two sidebands.
The origin of these features can be traced back to the natural tendency of the photons emitted from strongly driven 2LSs, which preferentially emit cascaded photons between the different sidebands rather than from the sideband and the central peaks, as evidenced by the cross-correlations between the peaks [45, 48, 51] . These preferences can also translate into features in the cavity spectrum, as shown in Ref. [27] . In our particular case, when we place the cavity resonant with one of the sidebands, it Purcell-enhances the cascaded emission between different sidebands, while strongly suppressing the central peak one, as shown in Fig. 1(b) .
• The most interesting regime for this paper occurs when Ω is such that Δ a Δ 2 a Ω 5g. Around this value of Ω, we observe in Fig. 1(b) the appearance of an extra peak in the cavity spectrum, which is precisely the one that generates the photon pairs predicted in Ref. [32] . To make it more clear, we plot a horizontal cut at Ω 5g in Fig. 1(c) . The four peaks can be easily identified with processes in the dressed state picture, as schematically depicted in Fig. 1(d) : on the one hand, we observe the conventional single-photon processes at ω σ − 2Ω; ω σ and ω σ 2Ω; on the other hand, at the cavity frequency, between the central peak and the upper sideband, we observe a peak that corresponds to the cascaded emission of two photons at frequencies ω σ Ω. This peak is broader than the others due to the Purcell enhancement by the cavity.
The two-photon physics is still apparent even when one is not exactly at the two-photon resonance. Namely, the spectrum of Fig. 1 (b) features a diagonal line that crosses the two-photons resonance peak. This can be understood as the Purcell-enhancement of a two-photon transition in which the photons do not have the same frequency, but their sum fulfills Δ 1 Δ 2 2Ω. When these two frequencies are not too distinct, the cavity is able to Purcell-enhance the emission of a photon at its own resonance frequency, Δ a , and a second photon at a frequency Δ 2 2Ω − Δ a , which defines the line observed in the plot.
At higher pumpings, i.e., Ω 3Δ a ∕2 7.5g, one should observe the enhancement attributed to the three-photon resonance. Although dim, this feature is visible even in Fig. 1(b) , despite that we did not use the best parameters available in state-of-the-art cavity QED.
To certify that one is dealing with true n-photon emission, one can study the statistics of the output field, as shown in Refs. [27, 28, 32] . However, in this paper we will use the appearance of these extra peaks in Sω as the signature for n-photon emission, as it is the simplest experimentally relevant smoking gun for multiphoton emission. A similar method has been used, for instance, to experimentally evidence Purcell-enhanced two-photon emission in a biexcitonic radiative cascade [52] .
A. Analytical Derivation of the n-Photon Coupling Rate
After having illustrated the mechanism for a particular situation, one of the main goals of this paper is to gain analytical understanding on the figures of merit of the emission. As shown in Fig. 1(c) , all the nonlinear processes appearing in Sω are well understood in the dressed state picture. Thus, it is enlightening to write the Hamiltonian in the dressed state basis, where it reads
whereσ j−ihj andσ z jihj − j−ih−j. In the strong driving limit, Ω ≫ g, and when the cavity is close to the n-th photon resonance, i.e., Δ a ≈ Δ n a , the energy levels of the Hamiltonian are structured in manifolds E m;n fj; mi; j−; m nig (where m is the number of photons in the cavity) such that the energy separation between levels inside a manifold is much smaller than the energy separation between different manifolds. This energy separation allows one to perform an adiabatic elimination of the fast degrees of freedom to construct an effective Hamiltonian that does not couple the manifolds between them. Under these conditions, the dynamics can then be described by an effective n-photon coupling Hamiltonian,
which generates n-photon Rabi oscillations between the states j; mi and j−; m ni with rate (see Supplement 1.1 for derivation)
There are also small energy shifts of the bare 2LS and cavity energies that move the n-photon resonance from the values Δ n a 2R∕n. For simplicity, we will omit writing these shifts in the following discussions, but include them consistently to perform the calculations.
Performing the same change of basis into the 2LS Lindblad operators, we arrive at
where other fast-rotating terms are eliminated under the assumption Ω ≫ γ σ . Therefore, the bare 2LS decay transforms, in the dressed state basis, into: (i) an effective decay rate γσ γ σ 4 ; (ii) an effective pumping rate Pσ γ σ 4 ; and (iii) a dephasing term with rate γφ γ σ .
By solving the master equation with the n-photon Hamiltonian in the dressed basis,
we calculate the amount of cavity population introduced via the n-photon coupling of Eq. (4) under the assumption g n ≪ γ a , obtaining (see Supplement 1.2)
where Γσ γσ Pσ, and κ n 4n−1!g n 2 γ a is a generalized n-photon Purcell rate. In the limit nγ a ≫ γ σ , the previous expression simplifies to
in which each term has a transparent meaning: (i) the term Pσ κ n Γσ is the population of the dressed 2LS that mediates the n-photon coupling; (ii) the term κ n γ a is the ratio between the effective pumping to the cavity mode through the n-photon Purcell decay rate, κ n , and the cavity decay rate, γ a ; (iii) the factor n takes into account that every time a jump occurs in the effective dressed 2LS, n photons are introduced in the cavity. One can confirm, by looking at the output field of the cavity, that these photons which are introduced through the cavity in groups of n, are also emitted as such, as was established in Ref. [27, 32] . The timescale between the n-photon states is ∼κ n γσ −1 , as it is the time it takes to reload the dressed 2LS after an n-photon quantum jump. The spectral width of the n-photon wavepacket is of the order of nγ a . Thus, in order to obtain antibunched n-photon emission, it must be satisfied that [28] nγ a ≫ κ n γσ. However, it was shown [32] that even in the perfect resonant case the n-photon emission at the output of the cavity field is always contaminated by the emission of uncorrelated singlephoton states. The origin of such photons is that, when writing the effective Hamiltonian of Eq. (4), we are neglecting the offresonant, but first-order, processes that also generate population in the cavity, which we denote by n 1 a . These processes are especially relevant when the broadening introduced by γ a;σ is considerable. Interestingly, this off-resonant population n 1 a can also be analytically estimated in the limit Ω ≫ g. For example, for the two-photon resonant situation that we will be focusing on along this paper, Δ a Δ 2 a , and in the limit of γ σ ≪ Ω; Δ a ; γ a , it can be approximated by (see Supplement 1.2)
The more general expression as a function of Δ a can be found in the Supplement 1. Finally, we make the assumption that the total population in the cavity is given by the sum of the two mechanisms described above, n a ≈ n 1 a n n a . We numerically confirmed this is a good assumption in the regime of validity of the approximations, that is, Ω ≫ g, γ σ ≪ Ω; Δ a ; γ a and g n ≪ γ a , as numerically confirmed in Fig. 2 (see discussion below) .
B. Characterizing n-Photon Emission
Thanks to the analytical results that we developed in the previous section, we can make a more systematic analysis of the main figures of merit of the n-photon emission of our proposal, namely, Research Article (i) the n-photon emission rate through the cavity mode that is given by γ a n n a ; and (ii) the purity of n-photon emission, defined as the fraction of the total population that is given by the n-photon population, π n n n a n a ≈ n n a n 1 a n n a :
We start by showing a contour plot in Fig. 2(a) of the single (in blue) and two-photon (in red) emission rates as a function of γ a ; γ σ ∕g for a situation with Ω 20g and Δ a tuned to the two-photon resonance, i.e., Δ Δ 2 a Ω. Both plots are superimposed to facilitate the comparison. We confirm that, in order for the two-photon process to dominate, it is required that γ a;σ < g, which corresponds to the red region in the lower part of the figure. This was the regime considered in Ref. [32] . As γ a increases, the importance of the n-photon emission rate also decreases, as expected from the analytical formula of n n a in Eq. (9) since κ n ∝ 1∕γ a . The behavior with γ σ is, however, less trivial, as there is a trade-off between increasing the pumping of the effective two-level system, Pσ ∝ γ σ , but at the same time increasing its losses γσ, which results in an optimal γ σ as shown in Fig. 2(a) . As we have the analytical expressions for n n a , we can find the optimal γ n;opt σ , defined as the one which gives the largest amount of n n a for a fixed set of parameters. The general expression for any n reads
For the case n 2 that we plot in Fig. 2(a) , the optimal decay is obtained when γ
Another interesting characteristic to explore is the dependence of the efficiencies with Ω, as this is an experimentally tunable parameter. In Figs. 2(c)-2(d) we plot the dependence with Ω of the total cavity population (black), and its single (blue) and n-photon (red) components given by Eqs. (10) and (8), for a system that is fixed at the two-to three-photon resonance, respectively, i.e., Δ a Δ 2−3 a . This means that we change Δ a accordingly as the driving increases. There are several interesting conclusions to be extracted from this figure:
• In both the two-and three-photon resonance situations, the analytical formulas capture very well, both qualitatively and quantitatively, the full numerical results in all the regimes of Ω depicted in Figs. 2(c)-2(d) .
• As expected at weak drivings, the single-photon population, n 1 a , dominates over the n-photon one, as the detuning is not enough to suppress one-photon processes. From the formula of n n a , one can actually obtain a simple formula for the limit of very weak driving,
which is the horizontal line that we plot in Figs. 2(c)-2(d).
• As the driving increases, both n 1 a and n n a (and therefore n a ) decrease, but with a significant difference between the two-and the three-photon situation. At the two-photon resonant case, n 1 a and n 2 a decrease with the same scaling with Ω, which allows n 2 a to dominate even for very large Ω. On the contrary, in the case of three photons, n 3 a decreases faster than n 1 a such that there will be an optimal Ω to maximize n 3 a over n 1 a . This behavior can also be obtained with the analytical formulas by expanding them in the Ω → ∞ limit,
where A n reads,
The convergence to that limit is obtained when
a ], which are the limits in which these formulas are valid.
From this discussion, we observe that there is a non-trivial trade-off between absolute multiphoton emission rates and the 
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We numerically checked (see Supplement 1) that the π n obtained from the analytical formulas agree quantitatively well with the ones that can be obtained from the photon counting distribution of the output field [53] , as was introduced in Refs. [27, 32] .
One can now use Eq. (17) to obtain simple asymptotic expressions. For example, in the large driving limit defined above, one obtains the following formula for the purity of two-photon emission:
where the term proportional to γ a ∕g 2 evidences that one needs to have strong coupling parameters, γ a ≪ g, in order to obtain values of π 2 close to one, as was already observed in Ref. [32] . For values of n larger than 2, the asymptotic expression for the purity is π n>2 ∝ 1 Ω 2n−1 . This tells us that for the n 2 case, one can always purify the two-photon emission by going to larger drivings, whereas for the n > 2 case, one has to find the optimal driving that maximizes the purity for a given set of parameters. The explanation for this is that n n a is given, for n 1, by an offresonant, first-order process, and for n > 1, by a resonant, n-th order process. Only in the case of n 2 these two properties (on-resonance and second-order) compensate and yield values of n 2 a larger than n 1 a at large drivings. Although in principle it is possible to find an optimal Ω for n > 2 by differentiating the expression of π n , its expression is too cumbersome to write here. An alternative way to obtain an approximated optimal Ω consists in finding the point where the asymptotic expressions of n n a at small and large driving cross. The latter procedure leads to a simple expression for the optimal driving, which reads,
We checked numerically that this is indeed a very good approximation by comparing with the exact numerical results. Finally, we want to note that for the particular case n 2, we have observed that the cavity observable T , defined as
is a good approximation of π 2 under some circumstances, as shown in Fig. 5 (a) (see Supplement 1 for a more complete discussion). Note that this connection between the purity and T is not rigorous, since π 2 is a probability bounded by one by construction, and T is not. However, our results show that these two quantities show a similar enough behavior for T to be considered a valuable indicator of two-photon emission in the laboratory.
IMPROVEMENT BY FREQUENCY FILTERING A. Spectral Distribution
As we have seen in Fig. 1 , the multiphoton emission in our setup manifests as an extra peak in the incoherent cavity spectrum.
However, together with this extra peak, we still observe three other peaks reminiscent from the single-photon transitions of the Mollow triplet. A key observation is that the photons at these frequencies are the main origin of the small fraction of spurious photons that contaminate the multiphoton emission, which we labeled as n 1 a . The fact that these photons appear at frequencies well separated from the multiphoton peak allows one to purify the multiphoton source by frequency filtering, which has already been proven to be a way to optimize photon correlations in other situations [54, 55] . Before analyzing the effect of the filtering, let us first show how to estimate the fraction of the total emission corresponding to each of the spectral peaks. Formally, the incoherent part of the cavity spectrum can be calculated in terms of the eigenvalues, λ β , and eigenvectors of the Liouvillian of the system as follows [56, 57] :
that is, a sum of Lorentzians centered at ω β Ifλ β g with linewidth γ β 2Rfλ β g (plus a dispersive part that takes into account possible interferences between them). The weights L β ; K β are obtained from a combination of the eigenvectors of the Liouvillian and the steady state of ρ. It can be trivially shown that L β satisfy that n a P β L β . Using that information, it is possible to estimate the amount of cavity population emitted at the frequency of the cavity, n a;f , by summing those L β whose corresponding ω β is close to the cavity frequency,
We can now estimate the amount of light from the singlephoton processes emitted at the cavity frequency, n 1 a;f , which is the one that we will not be able to get rid of by frequency filtering. This is done by using a similar analysis, but truncating the cavity's Hilbert space to one photon in order to exclude n-photon processes from the dynamics (see Supplement 1.3). The approximated expression for n 1 a;f reads, in the limit of Ω ≫ g; γ a ; γ σ ,
Interestingly, in the case of two-photon emission, this expression already appeared naturally in the formula we derived for n (23), one obtains precisely the second term in the sum of Eq. (10) . Therefore, we can now understand such a term as the fraction of cavity population grown by first-order processes that is emitted at the resonant cavity frequency. By comparing this quantity to the population of n-photon bundles n n a , we can obtain an estimate of the purity of multiphoton emission for the light filtered at the cavity frequency and determine to which extent the figures of merit of multiphoton emission are improved. The underlying assumption is that the single-photon peaks are separated enough such that a realistic filter can extract only the emission from the n-photon component.
B. Figures of Merit of the Filtered Emission
From the analysis made in the previous section, it is expected that by filtering out the cavity emission one can substantially improve the figures of merit of our multiphoton source. This is based on the assumption that only part of the undesired photons-with a population corresponding to n 1 a;f -will be emitted at the cavity frequency, whereas the totality of the n-photon bundles are emitted at such frequency. We can confirm this assumption by applying the previous analysis to the Liouvillian of the master equation in Eq. (7) as shown in Fig. 3 , where it is clearly seen how the twophoton population n 2 a -computed from Eq. (7)-corresponds to the amount of the total population n a;f emitted at ω a . This is a particular case in which all the photons emitted at the cavity frequency are two-photon bundles, and no spurious photons are emitted at that frequency. In a general situation, this could fail to be the case, which leads us to the definition of the purity of filtered n-photon emission, given by the fraction of the population emitted at the cavity frequency, which is composed by n-photon bundles,
which in the case of two-photon emission can be approximated as π
To illustrate the improvement brought by filtering, we show in Fig. 2(b) a contour plot of the emission rates n 2 a (red) and n 1 a;f (blue) as a function of γ a ; γ σ with the same Ω 20g as the one used in Fig. 2(a) . By comparing the two panels, we observe that the region in which the two-photon filtered emission dominates over the singlephoton one is substantially enlarged with respect to the unfiltered situation, even including regions in the weak-coupling regime γ a ∕g < 1. This is a major result, as it opens up the possibility of producing such multiphoton emission in systems within the bad-cavity limit, where γ a;σ < g, but C > 1, which is commonplace in both cavity and waveguide QED in the optical regime [33, [36] [37] [38] .
Using the analytical formulas we derived in the previous section and Eq. (23) for n 1 a;f , we can obtain an asymptotic expression for the purity of n-photon filtered emission in the large driving limit, which for the two-photon case reads,
By comparing this expression to Eq. (18), we can see clearly how frequency filtering allows us to get rid of the term proportional to γ a ∕g 2 that enforces the strong coupling condition. Now, the limit γ a ≫ g leaves us an expression for π f 2 that depends only on the cooperativity, π
This provides a simple way to evaluate the maximum purity that can be observed for a system with a given cooperativity without the need to perform demanding numerical calculations.
For the general case of n-photon emission with n > 2, the large driving limit of π f n goes as π f n>2 ∝ 1 Ω 2n−1 . Even if this limit follows the same trend as in the unfiltered case, frequency filtering still provides a remarkable improvement in the figures of merit when an optimum driving is chosen. To illustrate it, we plot in Fig. 4(a) the filtered and unfiltered purity for the n 2; 3; 4 photons situation as a function of γ a ∕g for a system with Ω∕g 20 and γ σ ∕g 0.025; 0.005 and 0.001, respectively, where we observe a substantial improvement of the purity for all n. It is worth highlighting that 100% of n-photon emission is guaranteed for good-enough system parameters. Panel (b) depicts the underlying n-photon components of the cavity population, further corroborating our assumptions that the total population in the filtered and unfiltered cases can, in good approximation, be decomposed into components associated to n-photon processes. This plot, however, also shows an effect not discussed so far: the resonant n-photon emission can also be spoiled by other off-resonant multiphoton processes of lower-order m < n. In particular, we show that in the case of Fig. 3 . Cavity emission rates at the two-photon resonance for three different spectral windows: central peak of the Mollow triplet (red), cavity peak (light blue), and total emission (dark blue). These rates have been numerically computed using Eq. (22) . The bundle emission γ a n 2 a (dashed, orange) computed from the n-photon master equation given in Eq. (7) closely matches the emission at the cavity peak. This confirms that the light emitted at that frequency is composed of photon bundles, and that spurious emission can be eliminated by frequency filtering. Parameters: Ω∕g 20 and γ σ ∕g 0.025. a;f computed numerically from a model truncated at one photon, and with n n a for n ≥ 2 computed numerically from the master equation Eq. (7), where the effective n-photon coupling rates are given by the analytical expression of Eq. (5). Parameters: Ω∕g 20, γ σ ∕g 0.025; 0.005, and 0.001 for n 2; 3; 4, respectively. (b) Numerically computed unfiltered and filtered emission rates, γ a n a (solid, black) and γ a n a;f (dashed, black), compared to the underlying n-photon components of the cavity emission rate, γ a n n a , used in the computation of π n and π f n of panel (a).
Research Article three-and four-photon emission, and for large values of γ a , the population n 2 a grown by the off-resonant two-photon process is larger than the corresponding resonant three-and four-photon populations, and it is actually the major factor in the emission at the cavity peak. This suggests a general expansion of n a;f , including all the spurious contributions to n-photon emission from off-resonant, lower-m th-order processes (with m < n), so that the filtered purity can be approximated as
Finally, to illustrate the feasibility of our proposal with state-ofthe-art systems, we show in Fig. 5 the corresponding contour plots of both π 2 and π f 2 for the range of γ a ; γ σ displayed in Figs. 2(a)-2(b) and include points with several cavity QED experimental parameters (summarized in Table 1 ), evidencing that many of them already lie within a regime of π f 2 ≈ 1. Note that we have adopted a definition of γ σ that only considers the decay to free space as the 2LS decoherence source, neglecting, e.g., pure dephasing, which is usually relevant in semiconductor scenarios. In Section 4, however, we consider the impact of these extra decoherence channels on our multiphoton emission.
IMPACT OF EXPERIMENTAL LIMITATIONS
Up to know, we have considered the ideal situation, in which the only decoherence sources are both the cavity and 2LS losses; in which the cavity decay generally dominates, γ a ≫ γ σ ; and where the distinction between the cavity, laser, and 2LS photons can be made perfectly. Even though this ideal situation can be obtained within circuit QED setups [69] [70] [71] , in the optical regime some of these requirements are more difficult to achieve.
The goal of this section is to analyze the impact of several experimental imperfections in platforms relevant for the implementation of our proposal in the optical regime, such as semiconductor or atomic cavity QED setups. We focus on the case of two-photon emission, which is the one with more immediate prospects to be experimentally implemented. In particular, we analyze: i) the impact of phonon-induced decoherence in Section A; ii) the effect of detecting coherently scattered photons in the cavity emission in Section B; and finally, iii) the robustness of the multiphoton emission in systems with limited driving and limited cancellation of spontaneous emission, that is, γ a ≈ γ σ , in Section C. The high cooperativity values shown by semiconductor systems are because we are not considering in the definition the phonon-induced decoherence, which will reduce the effective cooperativity. We will consider its impact in detail in part A of Section 4. 
A. Phonon-Induced Decoherence
One of the main problems in semiconductor cavity QED implementations is the decoherence produced by the phonons induced by the lattice vibrations in the solid. It is a well-known fact that phonons in cavity QED systems [72] give rise to two effects. The first one is the so-called pure dephasing mechanism, in which the phonons spoil the coherence of the 2LS without directly affecting the populations. This mechanism can be described in a master equation description through the Lindblad term
Moreover, when the 2LS is also interacting with a cavity mode, the phonons open an extra channel that allows one to exchange excitations incoherently between the cavity and the 2LS. This is the cavity feeding mechanism [72] [73] [74] [75] , described by the following Lindblad terms:
where, following Ref. [72] , we estimate the phonon transfer rates to be given by
where hBi is
ϕt is
and Jω, the characteristic phonon spectral function, is defined as
. Obviously, the higher the temperature is, the more relevant these mechanisms are. In Fig. 6 , we illustrate the impact of these two mechanisms in the two-photon emission as a function of temperature. To do so, we choose a pure dephasing rate proportional to temperature, γ ϕ AT, with A 1 μeV∕K [72, 76] , and set the parameters as ω b 0.22 meV and α p 0.18 meV −2 , consistently with those provided in Refs. [50, 62] .
The resulting values for γ σ † a and γ σa † as a function of temperature are shown explicitly in Fig. 6(a) . In Fig. 6(b) we study the effect of the temperature on n a;f , the cavity population emitted at the cavity frequency, in a plot similar to panel (c) of Fig. 2 : the filtered emission is shown as a function of Ω and compared with the amount of two-photon population, n 2 a . We observe that for drivings Ω∕g ≳ 20, the two-photon population still dominates the emission [n 2 a ≈ n a;f ], even for relatively large temperatures of T ≈ 30 K. The oscillatory behavior stems from the oscillatory dependence of γ σ † a∕σa † with Δ a in Eq. (28), magnified by the logarithmic scale. At smaller driving amplitudes, the extra broadening introduced by phonons increases the emission of spurious single photons, therefore decreasing the importance of the two-photon mechanism.
It is interesting to highlight that even for a temperature of T 30 K, the spectral signature of the two-photon processes in Sω remains unambiguous. This remains true even for systems with moderate driving strength, as we show in the contour plot of Fig. 6(c) , where we plot the evolution of Sω as a function of the driving amplitude for a fixed Δ a 5g [as in Fig. 1(a) ]. There, we observe that apart from the expected broadening of the peaks in Sω, and the enhancement of single-photon features, we still observe a well-distinguished peak when Ω is such that Δ a Δ 2 a 5g. To make more evident that phonons do not preclude the observation of two-photon emission features, we finally plot in Fig. 6(d) the value of the cavity spectrum at the cavity frequency ω ω a as a function of Ω and temperature T and for a fixed Δ a 5g. Remarkably, we observe that phononinduced transitions not only result in an enhancement of single-photon emission expected from the larger overlap with cavity peak, but also enhance the two-photon emission peak. This indicates that unambiguous signatures of two-photon physics can be observed even at high temperatures.
B. Driving via the Cavity Mode: Laser Coherent Back-Scattering
In our model we have assumed than the 2LS can be coherently driven independently of the cavity channel. Though this is certainly a possible configuration, in both semiconductor [49, 50] and atom cavity QED setups [67] , the most common scenario experimentally is the one where the 2LS is driven coherently through the cavity channel. In order to describe that situation, we replace Ωσ σ † → Ωa a † in the Hamiltonian of Eq. (1). We can nevertheless come back to the description in terms of 2LS driving that we have used so far by rewriting the cavity operator as a → α a, with α a complex number, and setting α Ω∕Δ a − iγ a ∕2. This choice cancels the cavity driving terms in the master equation (where now the cavity operator describes the creation of quantum fluctuations on top of the coherent state built by the laser). This finally results in a Hamiltonian with an effective coherent driving in the 2LS given by Ω eff e −iϕ σ e iϕ σ † , with ϕ argα and Ω eff jΩ∕Δ a − iγ a ∕2j. This means that all the results obtained so far apply to this case by just replacing Ω by Ω eff . However, this type of driving leads to a potential problem, that is, the presence of coherently scattered light in the cavity spectrum, Sω S I ω S C ω, which obviously spoils the multiphoton response, and which needs to be rejected. The amount of coherently scattered photons S C ω when we place a filter of linewidth Γ is given by
The ratio S C ω a ∕S I ω a dictates what would be the experimental rejection of coherently scattered light required to avoid the laser background to overcome the incoherent signal. In Fig. 7 , we plot this ratio as a function of Ω eff in the case of two-photon emission, i.e., Δ a Ω eff , for a filter linewidth equal to the width of the cavity peak, Γ γ a , and a cavity decay rate representative of semiconductor samples, γ a ≈ g. We see that, even for effective drivings as large as Ω eff ∼ 100g, the ratio between coherent and incoherent scattered signal remains below 10 4 , which can be understood, since in order to achieve two-photon emission the detuning between the cavity and the driving also increases with Ω eff . This shows that, in that case, state-of-the-art rejection ratios of ∼10 −6 [77] [78] [79] would yield only ∼1% of detected photons coming from the coherent signal, and only ∼0.01% for drivings of Ω eff ≈ 20, which we have shown in previous sections to be sufficient to achieve regimes of perfect two-photon emission, π
. The present analysis of the required rejection ratio is also relevant in the context of recent developments that aim to achieve on-chip suppression of the coherent light by self-homodyned techniques [50, 81] .
C. Limited Driving Amplitude and Limited Cancellation of Spontaneous Emission
Finally, we also explore in more detail how the spectral signatures for multiphoton emission look in the regime of parameters of atomic cavity QED systems [67] . A typical restriction in those systems is that the 2LS spontaneous emission is not suppressed, such that it is γ σ ≈ γ a , but with the advantage of being in the strong nonlinear coupling g > γ a;σ . Another limitation is that the drivings cannot be very large, as it will decrease the trapping lifetime of the atom. In order to illustrate that the two-photon emission signatures are still visible in this regime of parameters, we plot the evolution of Sω as a function of Ω for a fixed Δ 5g and a system with γ a γ σ 0.1g. Comparing with Fig. 1(a) , we observe that: i) at the single-photon resonance, an anticrossing with the resonant sideband, is present as the system is in the strong nonlinear coupling; ii) more interesting for our paper, there is still a very strong signature when Ω matches the two-photon resonance at Ω Δ a .
Finally, we illustrate the effect of smaller drivings in Fig. 8(b) , where we plot the amount of emission at the cavity resonance Sω a as a function of Ω for several values of Δ a . For large Δ a , e.g., 20g, that corresponds to large drivings, one observes a very sharp peak at the two-photon resonance. As one decreases Δ a , the height of the peak decreases, and it gets broader. However, even for very small drivings/detunings Ω Δ a 3g, the two-photon spectral resonance is still observed.
CONCLUSIONS AND OUTLOOK
In this work, we have shown how to optimally exploit the mechanism of n-photon emission introduced in Ref. [32] , based on a coherently driven 2LS coupled to a cavity mode. In particular, we have provided an analytical understanding of the figures of merit of the emission such as the efficiency rates, purity of n-photon emission, and its spectral distribution in the cavity output field. Thanks to these closed-form expressions, we provide formulas for the optimal driving, Ω, and the emitter's decay rate, γ σ , to maximize the n-photon emission. More importantly, we identify that the spurious single photons can be filtered out, relaxing in some situations the strong coupling requirement used in the previous proposal, to the more accessible bad-cavity regime, and thus opening the possibility of implementing this protocol in a wide variety of platforms. Our results also allow us to foresee the future of this field in systems with parameters still out of reach for most platforms, which we have shown to produce close to 100% three-and four-photon emission with demanding but still realistic parameters. Finally, we analyze the impact of several experimental imperfections, such as phonon-induced decoherence, on the n-photon emission showing how they are within the reach of current experimental technologies in semiconductor and atom cavity QED setups.
In future works, it will be interesting to introduce another controllable decay channel on the 2LS, e.g., another cavity mode, Fig. 7 . Ratio between the coherent and incoherent signals at the cavity frequency when the cavity is coherently driven, as a function of the effective driving of the 2LS. In order to describe the situation where the full cavity peak is filtered, the filter linewidth has been taken equal to the cavity linewidth, Γ γ a . For each value of the driving, the cavity frequency is tuned to the two-photon resonance, Δ a Ω eff . Fig. 8. (a) Cavity spectrum as a function of the driving amplitude Ω for set of parameters typical of atomic cavity QED systems, γ a γ σ 0.1g. The detuning between cavity and 2LS is Δ a 5g. (b) Value of the spectrum at the cavity frequency ω a as a function of the driving amplitude Ω, for four fixed sets of cavity frequencies. A feature indicating two-photon emission appears whenever Ω Δ a , and it appears for driving amplitudes as low as 3g.
which allows one to control dynamically the decay rate of γ σ . With that knob, one can tune the optimal n-photon emission regime or control the temporal separation between the n-photon states. Moreover, by measuring the emission of that channel, one can herald the presence of the n-photon states in the cavity one, as these processes can be shown to be strongly correlated [32] . Other heralding protocols could benefit from exploiting higher-order frequency-resolved correlations in the emission [82] . Further exciting perspectives are the triggered generation of n-photon states with appropriate pulse shaping of Ωt, or the study of the interplay of these mechanisms taking into account other spectral densities as the ones appearing in band-edges of waveguide QED setups.
Funding. H2020 European Research Council (ERC) (308136); FP7 People: Marie-Curie Actions (PEOPLE) (625955); Ministerio de Economía y Competitividad (MINECO) (FIS2015-64951-R, MAT2014-53119-C2-1-R); Japan Society for the Promotion of Science (JSPS).
